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Abstract: The fundamental concept behind MVT is that the assets in an investment portfolio should not be selected
individually, each on its own merits. Rather, it is important to consider how each asset changes in price relative to
how every other asset in the portfolio changes in price. Investing is a tradeoff between risk and expected return. In
general, assets with higher expected returns are riskier. The stocks in an efficient portfolio are chosen depending
on the investor's risk tolerance, an efficient portfolio is said to be having a combination of at least two stocks above
the minimum variance portfolio. For a given amount of risk, MVT describes how to select a portfolio with the
highest possible expected return. Or, for a given expected return, MVT explains how to select a portfolio with the
lowest possible risk.
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1. INTRODUCTION

Harry Markowitz introduced MVT in a 1952 article and a 1959 book. Markowitz classifies it simply as "Portfolio
Theory”.

Definition: is a theory of finance that attempts to maximize portfolio expected return for a given amount of portfolio risk,
or equivalently minimize risk for a given level of expected return, by carefully choosing the proportions of various assets.

MVT is a mathematical formulation of the concept of diversification in investing, with the aim of selecting a collection of
investment assets that has collectively lower risk than any individual asset. This is possible, intuitively speaking, because
different types of assets often change in value in opposite ways. For example, to the extent prices in the stock market
move differently from prices in the bond market, a collection of both types of assets can in theory face lower overall risk
than either individually.

2. RISK AND EXPECTED RETURN

MVT assumes that investors are risk averse, meaning that given two portfolios that offer the same expected return,
investors will prefer the less risky one. Thus, an investor will take on increased risk only if compensated by higher
expected returns. Conversely, an investor who wants higher expected returns must accept more risk. The exact trade-off
will be the same for all investors, but different investors will evaluate the trade-off differently based on individual risk
aversion characteristics. The implication is that a rational investor will not invest in a portfolio if a second portfolio exists
with a more favorable risk-expected return profile.

3. MATHEMATICAL MODEL

MVT models an asset's return as a normally distributed function (or more generally as an elliptically distributed random
variable), defines risk as the standard deviation of return, and models a portfolio as a weighted combination of assets, so
that the return of a portfolio is the weighted combination of the assets' returns. By combining different assets whose
returns are not perfectly positively correlated, MVT seeks to reduce the total variance of the portfolio return.
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The classical MVT model is presented here below:

Under the model:

o Portfolio return is the proportion-weighted combination of the constituent assets' returns.

o Portfolio volatility is a function of the correlations p;; of the component assets, for all asset pairs (i, j).
In general:

e Expected return;

B(R,) = Y wi E(R)

where RPis the return on the portfolio, quis the return on asset i and Wiis the weighting of component asset i(that is,
the proportion of asset "i" in the portfolio).

o Portfolio return variance:
2 _ 2 2
0, = D W0, + D Wiw;0i0;pij,
i i jAi
where Pijis the correlation coefficient between the returns on assets i and j. Alternatively the expression can be written
as:
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where Pii = Lfor i=j.

o Portfolio return volatility (standard deviation):

— 2
Tp — JP

For a two asset portfolio:

« Portiolio return: B2 (Ftp) = wa E(R4) + wp BE(Rp) = w4 E(R4) + (1 — wa) E(Rp).

2 2 2 2 2
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e Portfolio variance: ~ P Wa0 4+ WgE0g + 21:,‘1&30"40'3;9‘13

For a three asset portfolio:
e Portfolio return: WA E(Ri) + Wg E(RB) + We E(RC)

Portfolio variance:

2_ 2 2 2 2 2 2
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4. DIVERSIFICATION

An investor can reduce portfolio risk simply by holding combinations of instruments that are not perfectly positively

correlated (correlation coefficient -1 E Pij < 1). In other words, investors can reduce their exposure to individual
asset risk by holding a diversified portfolio of assets. Diversification may allow for the same portfolio expected return
with reduced risk.

If all the asset pairs have correlations of 0—they are perfectly uncorrelated—the portfolio's return variance is the sum
over all assets of the square of the fraction held in the asset times the asset's return variance (and the portfolio standard
deviation is the square root of this sum).
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The efficient frontier with no risk-free asset
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Efficient Frontier. The hyperbola is sometimes referred to as the 'Markowitz Bullet', and is the efficient frontier if no risk-
free asset is available. With a risk-free asset, the straight line is the efficient frontier.

As shown in this graph, every possible combination of the risky assets, without including any holdings of the risk-free
asset, can be plotted in risk-expected return space, and the collection of all such possible portfolios defines a region in this
space. The left boundary of this region is a hyperbola, and the upper edge of this region is the efficient frontier in the
absence of a risk-free asset (sometimes called "the Markowitz bullet"). Combinations along this upper edge represent
portfolios (including no holdings of the risk-free asset) for which there is lowest risk for a given level of expected return.
Equivalently, a portfolio lying on the efficient frontier represents the combination offering the best possible expected
return for given risk level.

The risk-free asset and the capital allocation line

The risk-free asset is the (hypothetical) asset that pays a risk-free rate. In practice, short-term government securities (such
as US treasury bills) are used as a risk-free asset, because they pay a fixed rate of interest and have exceptionally low
default risk. The risk-free asset has zero variance in returns (hence is risk-free); it is also uncorrelated with any other asset
(by definition, since its variance is zero). As a result, when it is combined with any other asset or portfolio of assets, the
change in return is linearly related to the change in risk as the proportions in the combination vary.

When a risk-free asset is introduced, the half-line shown in the figure is the new efficient frontier. It is tangent to the
hyperbola at the pure risky portfolio with the highest Sharpe ratio. This efficient half-line is called the capital allocation
line (CAL), and its formula can be shown to be

E(Rp) — Ry

ap

In this formula P is the sub-portfolio of risky assets at the tangency with the Markowitz bullet, F is the risk-free asset, and
C is a combination of portfolios P and F.

E(Rg) = RF + T

The introduction of the risk-free asset as a possible component of the portfolio has improved the range of risk-expected
return combinations available, because everywhere except at the tangency portfolio the half-line gives a higher expected
return than the hyperbola does at every possible risk level.

5. ASSUMPTIONS AND CRITICISMS

e Investors are interested in the optimization; selecting a portfolio with highest possible return or lowest possible
risk.

In reality, investors have utility functions that may be sensitive to higher moments of the distribution of the returns. For
the investors to use the mean-variance optimization, one must suppose that the combination of utility and returns make the
optimization of utility problem similar to the mean-variance optimization problem.
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o Asset returns are (jointly) normally or elliptically distributed random variables.

In fact, it is frequently observed that returns in equity and other markets are not normally distributed. Bouchaud and
Chicheportiche (2012) empirically reject the elliptical hypothesis.

Financial economist Nassim Nicholas Taleb has also criticized mean variance portfolio theory:

After the stock market crash (in 1987), they rewarded two theoreticians, Harry Markowitz and William Sharpe, who built
beautifully Platonic models on a Gaussian base, contributing to what is called Modern Portfolio Theory. Simply, if you
remove their Gaussian assumptions and treat prices as scalable, you are left with hot air. The Nobel Committee could
have tested the Sharpe and Markowitz models—they work like quack remedies sold on the Internet—but nobody in
Stockholm seems to have thought about it.

e Correlations between assets are fixed and constant forever.

Correlations depend on systemic relationships between the underlying assets, and change when these relationships
change. Examples include one country declaring war on another, or a general market crash. During times of financial
crisis all assets tend to become positively correlated, because they all move (down) together.

e All investors aim to maximize economic utility (in other words, to make as much money as possible, regardless
of any other considerations).

This is a key assumption of the efficient-market hypothesis, upon which MVT relies.
o All investors are rational and risk-averse. This is another assumption of the efficient-market hypothesis.

In reality, as proven by behavioral economics, market participants are not always rational or consistently rational. The
assumption does not account for emotional decisions, stale market information, "herd behavior", or investors who may
seek risk for the sake of risk. Casino gamblers clearly pay for risk, and it is possible that some stock traders will pay for
risk as well.

e All investors have access to the same information at the same time.

In fact, real markets contain information asymmetry, insider trading, and those who are simply better informed than
others.

e Investors have an accurate conception of possible returns, i.e., the probability beliefs of investors match the
true distribution of returns.

A different possibility is that investors' expectations are biased, causing market prices to be informationally inefficient.
e There are no taxes or transaction costs.

Real financial products are subject both to taxes and transaction costs (such as broker fees), and taking these into account
will alter the composition of the optimum portfolio.

e All investors are price takers, i.e., their actions do not influence prices.

In reality, sufficiently large sales or purchases of individual assets can shift market prices for that asset and others (via
cross elasticity of demand.) An investor may not even be able to assemble the theoretically optimal portfolio if the market
moves too much while they are buying the required securities.

e Any investor can lend and borrow an unlimited amount at the risk free rate of interest.

In reality, every investor has a credit limit.

o All securities can be divided into parcels of any size.

In reality, fractional shares usually cannot be bought or sold, and some assets have minimum orders sizes.
o Risk/Volatility of an asset is known in advance/is constant.

In fact, markets often misprice risk (e.g. the US mortgage bubble or the European debt crisis) and volatility changes
rapidly.
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o Does not take into account fundamentals affecting asset prices.

Portfolio managers can invest in assets without analyzing their fundamentals, because the investor purchases assets in
proportion to their market weights; there is no relative increase in demand for one asset versus another, and thus no
impact on the expected returns of the portfolio.

6. APPLICATIONS
1. By experts to largely project optimal levels of investment in financial assets.
2. By project managers, with some model modifications.

3. In Regional Science: in a series of seminal works, Michael Conroy modeled the labor force in the economy using
portfolio-theoretic methods to examine growth and variability in the labor force.

4. Has been used to model the self-concept in social psychology. When the self attributes comprising the self-concept
constitute a well-diversified portfolio, then psychological outcomes at the level of the individual such as mood and self-
esteem should be more stable than when the self-concept is undiversified. This prediction has been confirmed in studies
involving human subjects.

5. Has been recently applied to modelling the uncertainty and correlation between documents in information retrieval.
Given a query, the aim is to maximize the overall relevance of a ranked list of documents and at the same time minimize
the overall uncertainty of the ranked list.
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